We obtain a formula that relates the spherical moments of the multiplication tuple on a Dirichlet-type space to a complex moment problem in several variables. This can be seen as the ball-analogue of a formula originally invented by Richter in [22] . We capitalize on this formula to study Dirichlet-type spaces on the unit ball and joint 2-isometries.
Introduction
The investigations in this paper are motivated by the theory of Dirichlettype spaces first introduced and studied by Richter [22] in the context of the wandering subspace problem and the model theory of cyclic analytic 2isometries. The present work may be seen as an attempt to understand the spherical counterpart of the theories of Dirichlet-type spaces and 2isometries. It is well-known that every analytic 2-isometry admits the wandering subspace property (see [21, Theorem 1] and [28, Theorem 3.6] ). In case d > 1, there are analytic joint 2-isometric d-tuples without the wandering subspace property. Indeed, by [ On the other hand, the Drury-Arveson d-shift is a joint d-isometry (see [13, Theorem 4.2] ), and hence so is its restriction to M a . Further, in the context of model theory for joint 2-isometric d-tuples, there is a disparity in the cases d = 1 and d > 1. In fact, by [22, Theorem 5.1] , the operator of the multiplication by the coordinate function on a Dirichlet-type space provides a canonical model for any cyclic analytic 2-isometry. In case of d > 1, there exist cyclic analytic joint m-isometric d-tuples which can not be modeled in this way (see Example 6.3; see also [17, Theorem 3.2] ).
We also find it necessary to comment on the complicacies that arise in formulating the ball-analogue of the Dirichlet-type spaces. As it is wellknown, there are two possible analogues of Poisson kernel for the open unit ball B d in C d provided d 2. One of which is the invariant Poisson kernel P ι (z, ζ) given by
One may associate with any finite positive Borel measure µ on the unit sphere ∂B d the invariant Poisson integral P ι [µ](z) = ∂B d P (z, ζ)dµ(ζ), z ∈ B d and define the invariant Dirichlet-type space as the Hilbert space of those functions f in the Hardy space H 2 (∂B d ) for which the weighted L 2 -norm of the gradient of f, with weight being P ι [µ] is finite. Since the invariant Poisson kernel is naturally linked to the theory of Möbius-harmonic (or M-harmonic) functions arising from the notion of the invariant Laplacian (refer to [26] ), one may tempt to replace the gradient in the above definition of Dirichlet-type space by the invariant gradient. However, this does not yield a successful analogue of Dirichlet-type spaces even in dimension d = 1 in the sense that the associated multiplication operator is not a 2-isometry. Although the tuples of the multiplication by the coordinate functions on a large family of invariant Dirichlet-type spaces yield examples of bounded joint 2-isometric tuples, the technique employed in this paper relies on the solution of the classical Dirichlet problem, and hence it is not applicable in the study of invariant Dirichlet-type spaces unless the invariant Poisson integral coincides with the Euclidean Poisson integral as discussed below. Rather unexpectedly, the Poisson kernel P (z, ζ) associated with the Euclidean ball of R 2d yields Dirichlet-type spaces that support joint 2-isometries:
Throughout this article, we need the following properties of the Poisson kernel (see [ where σ is the normalized surface area measure on ∂B d . • P (z, ζ) is symmetric in the following sense: P (rη, ζ) = P (rζ, η), η, ζ ∈ ∂B d , 0 r < 1.
(1.3)
• For any neighbourhood N ζ of ζ ∈ ∂B d ,
It is worth noting that (1.1) may be deduced from (1.2) and (1. 3) in view the polar coordinates (see [26, Pg 13] ):
where C(X) denotes the vector space of complex-valued continuous functions on a topological space X. The analysis of this paper relies heavily on the existence and uniqueness of the solution of the Dirichlet problem for the unit ball (see [31, Theorem 3.1.13]):
As in the case of invariant Poisson kernel, one may associate with a finite positive Borel measure µ on ∂B d the Poisson integral
and form the Dirichlet-type space D(µ) (see Section 3 for a precise definition in a more general setting). For ready reference, we recall the Riesz-Herglotz Theorem, which asserts that every positive harmonic function on the unit ball B d is the Poisson integral of a finite positive Borel measure on ∂B d (see, for instance, [4, Corollary 6.15] ).
The investigations in this paper are motivated by the following questions:
Assume that d is a positive integer and let µ be a finite positive Borel measure on ∂B d . (a) Is z j , j = 1, . . . , d a multiplier of the Dirichlet-type space D(µ)?
It is worth noting that in dimension d = 1, the answers to the above questions are affirmative [22, Theorems 3.6 and 3.7]. Moreover, these answers are intimately related to the following formula implicitly obtained in [22, Proof of Theorem 4.1] in case of k = 1 (see Lemma 2.2 for the deduction of the general case from this one). Theorem 1.3 (Richter's formula). For any finite positive Borel measure µ on the unit circle ∂D, we have
where dA denotes the normalized area measure on the unit disc D, C[z] is the complex vector space of polynomials in z, and f ′ denotes the complex derivative of f ∈ C[z].
Remark 1.4. By the formula above, z k p 2 D(µ) is a linear polynomial in k for every p ∈ C[z]. In particular, by the density of the polynomials in D(µ) and the fact that z is a multiplier for D(µ) (see [22, Corollary 3.8(d) and Theorem 3.6]), the operator M z of the multiplication by the coordinate function z is a 2-isometry on D(µ).
One of the main results of this paper is the ball analogue of Richter's formula (see Theorem 2.1). Our method of proof, that exploits the Dirichlet problem for the unit ball, Green's Theorem and basics of spherical harmonics, differs from the one employed in [22] . This formula allows us to answer Question 1.2(b) in affirmative under the additional assumption of polynomial density (see Corollary 3.5) . We also answer Question 1.2(a) for weighted surface area measures with bounded measurable weight functions (see Corollary 3.8). In the remaining half of this paper, we solve a complex moment problem in several variables, which is the ball-analogue of the trigonometric moment problem (see Theorem 5.1), and employ it to characterize joint misometries that admit the wandering subspace property (see Theorem 6.1). These results are then combined with the theory of Dirichlet-type spaces developed in the first half to model spherical moments of joint 2-isometries (see Corollary 6.4).
Richter's formula in several variables
Before we state the main result of this section, let us set some standard notations. Let Z + denote the set of non-negative integers. For a positive integer d, the d-fold Cartesian product of Z + is denoted by
We write p q if p j q j for every j = 1, . . . , d. Let C denote the set of complex numbers and let C d denote the d-fold Cartesian product of C. We reserve the notations ℜ(z), z and |z| for the real part, the complex conjugate and the modulus of the complex number z, respectively. Let T denote the unit circle in C and let T d be the d-fold Cartesian product of T. ∂z j ∂z j in dimension d. We now state the main result of this section.
The proof of Theorem 2.1, as presented below, consists of several lemmas. 
Proof. The necessity part is clear. To see the sufficiency part, note that by the linearity of the integral, (2.2) implies (2.1) in case of k = 1. To see the general case, for fixed α, β ∈ Z d + , let
Let k be a positive integer and note that
Thus, by (2.2) and an application of the multinomial theorem,
This completes the verification.
The following identity relates the gradient and the complex Laplacian.
Proof. Let α, β ∈ Z d + , and note that ∇z α , ∇z β = ∆(z α z β ). Thus
where we used the linearity of ∆.
We next state a special case of Green's Theorem required in the proof of Theorem 2.1.
Proof. Recall the well-known fact that the ratio of the volume of B d and the surface area of ∂B d equals 1/2d (see [30, Pg 291] ). This combined with the facts that the (Euclidean) Laplacian is 4 times the complex Laplacian ∆ and the outward pointing derivative is the radial derivative, the desired conclusion may be deduced from [31, Theorem 1.4.1] (where non-normalized volume measure and surface area measure have been used).
We need one more fact in the proof of Theorem 2.1, which relies on a decomposition of homogeneous harmonic polynomials (refer to [26, Chapter 12] , [2, Chapter 2] for more on spherical harmonics).
is a restriction of a harmonic polynomial to the unit sphere ∂B d . In particular, φ f defines a continuous function.
Proof. By [26, Theorem 12.1.3], a complex-valued homogeneous polynomial is a finite (orthogonal) sum of functions of the form z s H m (z), where s ∈ Z + is even and H m is a homogeneous harmonic polynomial of degree m ∈ Z + . Thus it suffices to check the desired conclusion for f (z) = z s H m (z). To see the latter, note that by polar coordinates (1.5) and Theorem 1.1, we have
which is clearly a continuous function in ζ. This also shows that φ f is a linear combination of harmonic polynomials restricted to the unit sphere. 
Thus, for every 0 < s < 1 and for every α, β ∈ Z d + , we have
We now extend this formula to the measure µ. Note that f (z) = z α z β , α, β ∈ Z d + is a homogeneous complex-valued polynomial, and hence, by Lemma 2.5 and Fubini's Theorem (applied twice),
This combined with (2.6) and (2.5) yields the desired formula.
Remark 2.6. Note that the formula (2.1) extends to the functions in the ball algebra A(B d ), that is, functions holomorphic on the unit ball B d , which extend continuously to B d .
Here is a special case of Theorem 2.1 (the case in which µ ∈ M + (∂B d ) is the Dirac delta measure with point mass) of independent interest.
In the following section, we see the role of Richter's formula in the study of Dirichlet-type spaces. In particular, we answer major half of Question 1.2.
Joint m-isometries and Dirichlet-type spaces
Let H be a complex Hilbert space. Let ·, · H and · H denote the inner-product and norm on H, respectively. If no confusion occurs, we omit the subscript H from these notations. Let B(H) denote the C * -algebra of bounded linear operators on H. By a commuting d-tuple T on H, we understand the d-tuple (T 1 , . . . , T d ) consisting of commuting operators T 1 , . . . , T d in B(H). Given a commuting d-tuple T on H and α = (α 1 , . . . , α d ) ∈ Z d + , let T * denote the commuting d-tuple (T * 1 , . . . , T * d ) and T α denote the oper-
If M is a subspace of H such that T j M ⊆ M for every j = 1, . . . , d, then we use the notation T | M to denote the commuting
With every commuting d-tuple T on H, we associate the positive map Q T : B(H) → B(H) given by
The operator Q n T is inductively defined for all integers n 0 through the
If B m (T ) = 0, then T is said to be a joint m-isometry (the reader is referred to [3, 12, 13, 8, 15, 14, 17] for examples and basic properties of joint misometries). We refer to joint 1-isometry simply as joint isometry or spherical isometry. Following [28] , we say that
Before we define Dirichlet-type spaces, we discuss some examples of joint m-isometries arising from a family of Hardy-Besov spaces. 
Note that κ p defines a positive definite kernel on B d , which is holomorphic in z and conjugate holomorphic in w. Thus we may associate a reproducing kernel Hilbert space H p of holomorphic functions on the unit ball B d with the reproducing kernel κ p (refer to [20] for this construction). Note that the monomials are orthogonal in H p (see, for instance, [8, Lemma 2.14] ). Indeed, for any α, β ∈ Z d + , we have
where Γ denotes the gamma function (see [ [13, Theorem 4.2] ; see also the discussion following [8, Theorem 5.3] ). In particular, the multiplication tuple M z,d (Szegö d-shift) turns out to be a joint isometry, while M z,1 (Drury-Arveson d-shift) is a joint d-isometry.
Following [18] and considering the role of vector-valued Dirichlet-type spaces in the model theory for arbitrary 2-isometries, we have chosen to work in the vector-valued set-up.
For a complex separable Hilbert space
In case M = C, following our earlier notation, we denote
Here by a B(M)-valued semispectral measure F on ∂B d , we understand a set function on ∂B d which is finitely additive with values being positive operators in B(M) such that F (·)x, y defines a complex regular Borel measure on ∂B d for every x, y ∈ M.
where, by abuse of notation, ∂f ∂z j evaluated at the point z is denoted by ∂f ∂z j . Remark 3.2. We note the following: 4)] ). However, we do not take up this notion here.
The following vector-valued analogue of Theorem 2.1 is immediate from its scalar counterpart. (∂B d , B(M) ). Then, for every M-valued polynomials p, q and a non-negative integer k,
The role of Richter's formula in the study of Dirichlet-type spaces is evident from the following.
Proof. Let p be an M-valued polynomial in z 1 , . . . , z d . Repeated applications of Theorem 3.3 yields
which is clearly equal to zero.
We now answer Question 1.2(b) under the additional assumption of the density of the polynomials. Corollary 3.5. Let µ ∈ M + (∂B d ) and assume that C[z 1 , . . . , z d ] is dense in D(µ). Then the following statements are equivalent:
(i) For k = 1, . . . , d, z k is a multiplier for D(µ).
(ii) There exists a positive constant C such that
4)
In this case, the d-tuple M z on D(µ) is a joint 2-isometry.
Proof. By Theorem 2.1 (with k = 1), for every p
The equivalence is now immediate from the density of the polynomials. The remaining part follows from the closed graph theorem and Corollary 3.4.
The question of when the coordinate functions are multipliers for the Dirichlet-type spaces can be related to the notion of Carleson measure (the reader is referred to [32] for the definition of Carleson measure).
Proposition 3.6. Let F ∈ M + (∂B d , B(M) ). Then the following statements are equivalent:
(i) For k = 1, . . . , d, z k is a multiplier for D(F ).
and note that · ⋆ defines (possibly an extended real-valued) semi-norm on Further, for any k = 1, . . . , d, we have
It now follows from (3.5) and (3.6) that for any f ∈ D(F ),
This yields (ii) ⇒ (i). To see (i) ⇒ (ii), note first that by Remark 3.2(i), D(F ) ⊆ H 2 M (∂B d ), and hence we may consider the normed linear space H = D(F ) endowed with the norm max{ · ⋆ , · H 2 M (∂B d ) }. In view of (3.7), the map f → f from D(F ) into the completion of H is well-defined, and hence one may apply the closed graph theorem to obtain (ii). The remaining part now follows from Corollary 3.5.
Remark 3.7. In case of d = 1, (i) above always holds (see [22, Theorem 3.6] for dim M = 1 and [18, Theorem 3.1] for the general case). In case M = C, the condition (ii) above says that the Dirichlet space D(F ) is boundedly embedded into the weighted Bergman space with weight being P [F ]. In turn, this is equivalent to the assertion that the weighted volume measure with weight being P [F ] is a Carleson measure for D(F ) (see [32, Theorem 2] for a characterization of Carleson measures for Besov-Sobolev spaces on B d ).
The following provides a partial answer to Question 1.2(a). Corollary 3.8. For a bounded measurable function w : ∂B d → [0, ∞), consider the weighted surface area measure µ w with weight function w. Then, for k = 1, . . . , d, z k is a multiplier for D(µ w ). In particular, the d-tuple
Proof. In view of Proposition 3.6, it suffices to check that there exists a positive constant C w such that
Since D(µ w ) ⊆ H 2 (∂B d ) = H d and H d is contractively embedded into H d+1 (see Example 3.1 and Remark 3.2(i)) and P [µ w ] is bounded above by sup w, we obtain the desired inequality with C w = sup w.
We do not know whether the weighted volume measure with weight being the Poisson integral of an arbitrary finite positive Borel measure µ on ∂B d , d 2 is a Carleson measure for D(µ).
Rotation invariant and pluriharmonic measures
In this section, we study Dirichlet-type spaces arising from two families of positive finite Borel measures on the unit sphere. Before we discuss the case of rotation invariant measures, we recall the notion of T d -invariance.
A Proof. The first fact is a routine verification while the second one may be deduced as in the proof of [7, Lemma 2.3].
Dirichlet-type spaces associated with rotation-invariant measures support joint 2-isometries. 
In addition, if µ is T d -invariant, then the following statements are true:
(i) the monomials z α , α ∈ Z d + form an orthogonal basis for D(µ), (ii) for every j = 1, . . . , d, z j is a multiplier for D(µ).
In particular, the d-tuple M z is a joint 2-isometry on D(µ).
Proof. Note first that by the mean value property for harmonic functions (see, for instance, [31, (3.1.13) 
Let δ jk denote the Kronecker delta function, and note that
where we used the estimate (4.3) in the last step. Combining this with (4.2), we obtain (4.1).
Since f is uniformly convergent on RB d , by Lemma 4.1,
Letting R → 1 − on both sides, we obtain
In particular, the sequence of partial sum |α| nf (α)z α of f converges to f in D(µ). Further, (4.4) combined with (4.1) yields that each z j , j = 1, . . . , d is a multiplier for D(µ), and hence the multiplication operator M z j is bounded on D(µ). Finally, by Corollary 3.5 and (i) above, M z is a joint 2-isometry on D(µ).
We now exhibit a family of rotation invariant measures for which the Dirichlet-type spaces and the associated multiplication tuples can be described explicitly (it is worth noting that, up to a scalar multiple, the only rotation invariant measure on the unit circle is the arc-length measure). 
Furthermore, by Proposition 4.2, M z is a joint 2-isometry on D(µ λ,c ). Finally, we note that in case d = 2, the choices λ = 1 and c = 0, the Dirichlettype space D(µ λ,c ) is nothing but the Drury-Arveson space H 2 2 .
Following [1, Section 1], we say that a measure µ ∈ M + (∂B d ) is pluriharmonic if P [µ] is a pluriharmonic function in the open unit ball B d . We now exhibit Dirichlet-type spaces associated with a family of pluriharmonic measures (see [24, Pg 44] ).
Proposition 4.4.
For h belonging to the ball algebra A(B d ) such that w(z) := ℜ(h(z)) 0 for every z ∈ ∂B d , let µ w be the weighted surface area measure with weight function w| ∂B d . Then, for every j = 1, . . . , d, z j is a multiplier for D(µ). In particular, the d-tuple M z | D 0 (µw) is a joint 2-isometry, where D 0 (µ w ) denotes the closure of the subspace C[z 1 , . . . , z d ] in D(µ w ).
Proof. This is immediate from Corollary 3.8.
We exhibit below Dirichlet-type spaces associated with a family of pluriharmonic measures, which are not necessarily rotation-invariant.
Consider the weighted surface area measure µ b,λ on ∂B d with weight function w b,λ given by
Since w b,λ is positive on ∂B d , we may consider the Dirichlet-type space D(µ b,λ ) associated with µ b,λ . Further, since µ b,λ is a pluriharmonic measure, by Proposition 4.4, the d-tuple M z is a joint 2-isometry on the closure of the polynomials in D(µ b,λ ). We claim that
To see this, let α, β ∈ Z d + and let δ α,β denote the Kronecker delta function. Note that for l = 1, . . . , d, by (3.3) ,
Similarly, one may see that
Combining these two identities with (3.3), we obtain (4.5). It follows that M z is a joint 2-isometry that is not a weighted multishift, unless b = 0.
A complex moment problem in several variables
In this section, we discuss a complex moment problem in several variables that arises naturally in the study of joint m-isometries. We have already encountered such a problem in Theorem 3.3. It turns out that a vectorvalued kernel function on a d-fold Cartesian product of non-negative integers is a complex moment sequence if and only if it satisfies a spherical Toeplitztype condition (see (5. 2) below). The main theorem of this section can be considered as a spherical analog of the solution of the trigonometric moment problem. The solution of this problem in the scalar one-dimensional case is commonly attributed to Akhiezer and Krein (see [29, Theorem 1.4] ). 
The kernel function φ is positive definite and
The semispectral measure F is uniquely determined by (5.1).
Remark 5.2. In case of d = 1 and M = C, the condition (5.2) implies that
We begin with multi-variable counterpart of a well-known fact (see [9, Theorem 1.9, Chapter II]). The reader is referred to [3] for the definitions of joint subnormal tuples and minimal normal extension.
Lemma 5.3. Let S be a commuting d-tuple on H. If S is a joint isometry, then there exists E ∈ M + (∂B d , B(H) ) such that E(∂B d ) = I and
Proof. Assume that S is a joint isometry. By [3, Proposition 2] , S is a joint subnormal d-tuple such that the minimal normal extension N of S in B(K) has its joint spectrum contained in the unit sphere ∂B d . It may now be deduced from the spectral theorem for commuting normal operators (which in turn is a consequence of [25, Theorem 12.22] together with the fact that the maximal ideal space of the C * -algebra generated by N coincides with the Taylor spectrum σ(N ) of N ; see [10, Proposition 7.2] ) that there exists a spectral measure F on σ(N ) such that
If V is the isometric embedding of H into K, then by letting E(·) = V * F (·)V which is extended trivially to ∂B d , it is easily seen that (5.3) holds. Finally,
We now present an operator-theoretic proof of the solution of complex moment problem on the unit sphere in C d (cf. [19, Theorem 2.14] ).
Proof of Theorem 5.1. (i)⇒(ii): Its a routine matter to check that φ given by (5.1) is positive definite. Further, for any α, β ∈ Z d + , by (5.1), 
This together with (5.5) shows that the d-tuple M z induces a joint isometry on H, say, S = (S 1 , . . . , S d ), given by 
This completes the proof of the equivalence (i) ⇔ (ii). The uniqueness part may be deduced from the Riesz representation and Stone-Weierstrass approximation theorems.
We conclude this section with an application to joint m-isometries. 
Proof. Define a B(H)-valued kernel function φ :
By [13, Proposition 2.3], (−1) m−1 B m−1 (T ) 0 (see (3. 2)), and hence
is positive definite. In view of Theorem 5.1, it now suffices to check that φ satisfies (5.2). Since T is an m-isometry, it follows from the identity
This completes the proof.
In case the joint 2-isometric d-tuple T admits the wandering subspace property, the semispectral measure F as ensured in the above corollary may be replaced by a B(ker T * )-valued semispectral measure, where ker T * denotes the joint kernel ∩ d j=1 ker T * j of T * . As we will see in the next section, this leads to a model theorem for the spherical moments of joint m-isometries that admit the wandering subspace property.
A Gramian matrix associated with joint m-isometries
Following [28] , we define a d-tuple σ of matrix backward shifts σ 1 , . . . , σ d on the matrix array A = [[A α,β ]] α,β∈Z d + as follows:
Since the actions of σ 1 , . . . , σ d are mutually commuting, we get the following:
For an integer n ∈ Z + , let △ A ,n denote the matrix given by
To state the main result of this section, we need another notion. A commuting d-tuple T on H admits the wandering subspace property if
Note that the joint kernel ker T * of T * is a wandering subspace in the sense that T α (ker T * ) is orthogonal to ker T * for every non-zero α ∈ Z d + . We are now ready to state the main result of this section.
Letting C(f ) = (C α (f )) α∈B , we obtain
Thus, by (3.1), for any positive integer k, we have
Since f is varying over the dense subspace N of H, we deduce from (6.2) that T is a joint m-concave d-tuple if and only if
Moreover, if we vary f over N , C(f ) varies over scalar column vectors of all sizes. Since σ γ G is a self-adjoint matrix, (6.8) is equivalent to △ G ,m 0. This completes the verification of (i).
To see (iii), recall the fact that any joint m-isometry d-tuple T satisfies the following operator identity:
This is a consequence of [13, Lemma 2.2] and the fact that for any joint m-isometry T, B j (T ) = 0 for every j m. Let k be a positive integer. Note that by (6.7) and the density of N in H, (6.9) holds if and only if
which, in view of (3.2), (6.6) and (6.2), is equivalent to
This is, as in the last paragraph, seen to be equivalent to (6.4) . The necessary part in (iii) now follows from (6.9). To see the sufficiency part, in view of the discussion above, we may assume that (6.9) holds. In particular, we have the polynomial p x,y (k) = Q k T (I)x, y of degree at most m − 1 for every x, y ∈ H. However, for any complex polynomial p in one variable of degree at most m − 1, m j=0 (−1) j m j p(j) = 0 (see [16, Proposition 2.1] ). We may now apply the above fact to each p x,y to get (iii).
Finally, to see (iv), note that by [13, Equation (2.1)], T is a joint misometry if and only if B m−1 (T ) = Q T (B m−1 (T )), and argue as above.
It is worth noting that the idea of Gramian may be employed to give an alternate proof of [28, Theorem 2.15] . We leave the details to the reader.
Proof of Theorem 6.1. The equivalence of (i)-(iv) is immediate from Lemma 6.2. To see the remaining part, assume that T is a joint m-isometric d-tuple. By [13, Proposition 2.3], △ T,m−1 0, and hence by Lemma 6.2(ii), and note that by (6.10) and Lemma 6.2(iv) together with (6.2), φ is positive definite and satisfies (5.2). Further, a simple application of the Cauchy-Schwarz inequality shows that for every α, β ∈ Z d + , | G α,β X, Y ℓ 2 (I) | T α T β X ℓ 2 (I) Y ℓ 2 (I) , X, Y ∈ ℓ 2 (I).
This shows that φ(α, β) ∈ B(ℓ 2 (I)) for every α, β ∈ Z d + . Now applying Theorem 5.1 (with M = ℓ 2 (I)) completes the proof.
Before we see an analytic model for the spherical moments of joint 2isometries, it is worth noting that analytic cyclic joint 2-isometries can not be modeled as the multiplication tuples on a Dirichlet-type space in dimension bigger than 1. Since M z is an analytic cyclic operator with cyclic vector 1, so is T. Also, since M z is a 2-isometry, by [6, Proposition 3.7], T is a joint 2-isometry. Since z 1 = z 2 on B d , there is no µ ∈ M + (∂B 2 ) and a unitary U : D → D(µ) such that U 1 = 1 and M z j U = U T j for j = 1, 2.
We conclude the paper with a model theorem for the spherical moments of joint 2-isometries (cf. [23, Pg 30] ). Corollary 6.4. Let T be a commuting d-tuple on a separable Hilbert space H and let {f j } j∈I be an orthonormal basis for the joint kernel ker T * of T * for some nonempty directed set I. If T is a joint 2-isometry, then there exists F T ∈ M + (∂B d , B(ℓ 2 (I))) such that for every α, β ∈ Z d + , k ∈ Z + and x, y ∈ ker T * , Proof. Assume that T is a joint 2-isometry. Since the restriction of a joint 2isometry to an invariant subspace is again a joint 2-isometry, after replacing H by the invariant subspace {T α h : h ∈ ker T * , α ∈ Z d + } of T, if necessary, we may assume that T admits the wandering subspace property. It suffices to check the above formula for x, y ∈ {f j } j∈I . The existence of the semispectral measure F T is ensured by Theorem 6.1 (with m = 2). A simple calculation using (6.3) shows that
One may now consider the Dirichlet-type space D(F T ) associated with F T .
Since Q k T (I) = I + k(Q T (I) − I), k 1, the desired conclusion now follows from Theorem 2.1 and (6.12). Remark 6.5. In case of d = 1, it may be concluded from the formula (6.11) that the Gramian matrices associated with T and the multiplication d-tuple M z on D(F T ) coincide.
As far as the classification of joint 2-isometries is concerned, the only known case, due to Richter-Sundberg, is of finite dimensional joint 2-isometries (see [23, Pg 17] for the statement and [17, Theorem 3.2] for a proof). Nevertheless, the results in this paper set the ground for the problem of classifying of all analytic joint 2-isometries that can be modeled as the multiplication tuples M z on a Dirichlet-type space D(F ).
